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INTRODUCTION 
Some problems in control theory [3,4], economics [S], and nonlinear 
oscillations [6] lead to consideration fdifferential equations whose right 
hand terms are defined by discontinuous vector fields. We are assuming 
that those discontinuities areof the first kind and they are concentrated on 
a C” 2-dimensional surface A4 contained in R3. In this work we describe 
the local behavior of such discontinuous vector fields in neighborhoods of 
points PE M. The main goal of this paper is to classify, via structural 
stability, such vector fields. The most interesting part of this ituation isthe 
study of the dynamic properties of the vector field on a region in M called 
the sliding region (to be defined later). Roughly speaking, when the trajec- 
tory of the vector field meets the sliding region it remains tangent to M for 
all positive time. We mention that we also give some results concerning 
asymptotic stability. 
Our procedure for organizing the paper involves two steps. First, we call 
briefly the convention in defining the orbits of a discontinuous vector field. 
Various geometrical facts of such a system must be exploited. Next we state 
the main results before ntering into technicalities. W  think it is better to 
introduce at the beginning some heuristic and intuitive ideas of the intrinsic 
features of a U-singularity and the first return mapping associated to a type 
of discontinuous system. 
The paper is structured as follows: In Sections 1 and 2 we give some 
preliminaries and definitions and establish the notation. We also give rules 
for defining the solution curves of the vector fields at points of M. Section 3
contains tatements of the main results. We also discuss properties ofsome 
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“singularities” of the vector fields. In Section 4 we prepare the way for the 
construction of equivalence between vector fields by defining a suitable 
stratification in (M, p). Section 5 is devoted to the construction of a first 
return mapping associated to a special singularity ofthe vector field. In 
Section 6 we study the so-called sliding vector field. In Section 7 we prove 
the main theorem concerning structural stability. Finally in Section 8 the 
asymptotic stability isstudied. I thank J. Sotomayor for many helpful 
conversations. 
1. PRELIMINARIES 
DEFINITION. Let p E A4 and f: (lR3, M) -+ ([w, 0) be a C” local implicit 
representation of A4 at p with df (p) # 0. The surface A4 represents he com- 
mon boundary separating the domains A4 + = (f > 0} and A4 - = (f < O}. 
We may so, via f, give an orientation toany curve in (lR3, p) crossing M. 
Denote by %’ the set of all germs in p of C’ vector fields on (lR3, p) 
endowed with the C’ topology with r big enough for our purposes. Let G’ 
be the set of all germs in p of vector fields Z on lR3 satisfying 
Z(q) = X(q) 
if qEM+ 
Y(q) if qEM- where X, YE %“. 
In what follows we briefly recall the rules due to Gantmaher and Filipov 
for defining the solution curves of Z at points of A4. We refer the reader to 
[3,4, 5, 121 for their mathematical justification. 
We may consider G’=%*‘x %“. So we denote any element in G’ by 
Z= (X, Y). Given Z= (X, Y) in G’ we distinguish t e following regions 
in M. 
(a) Sewing Region (SWR): in this case, the vector field X (resp. Y) 
is directed away from (resp. toward) M (Fig. 1.1). If a point of the phase 
FIG. 1.1. The SW region. 
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FIG. 1.2. The ES region. 
space which is moving in an orbit of 2 falls onto M then it crosses M over 
to another part of space. 
(b) Escaping Region (ESR): the vector fields X and Y point toward 
A4 + and A4 -, respectively. The solution through a point p E M follows the 
orbit of one of the vector fields X or Y according to which has the largest 
normal component with respect o M (Fig. 1.2). 
1.1. Remark. Observe that in this case the field 2 = (X, Y) could be 
undefined somewhere in (M, p). So if at q E A4 the normal components of 
X and Y coincide, we set Z(q) = X(q). 
(c) Sliding Region (SLR): both vector fields X and Y point toward 
M. In this case the solution of Z through points of M follows the orbit of 
the vector field F= F(X, Y) (called the SL-vector field associated to 
Z = (X, Y)). This F is tangent to M and is defined at p E M by the vector 
F(p) = m - p, where m is the point where the segment joining p + X(p) and 
p + Y(p) is tangent to M (see Figs. 1.3 and 1.4). Observe that if X(p) and 
FIG. 1.3. The SL region. 
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P+Y(P) 
p+x(P) 
FIG. 1.4. The SL-vector field. 
Y(p) are linearly dependent then p is a critical point of F. (See more details 
on SL-vector fields in Section 6). 
All “curves” in M separating the above-named regions are constituted by
points where X or Y are tangent to M. The main object of this paper is to 
analyse those separatrices in connection with the orbits of Z. 
We mention that we might consider Z as a multivalued mapping on M. 
However, our results remain unchanged. 
2. SINGULARITIES OF Z 
2.1. DEFINITION. Let Z, ZE G’. We say that Z and 2 are Co equivalent 
if there are open neighborhoods U and V of p in R3 and an M-invariant 
homeomorphism h: ZJ + Y which sends orbits of Z in orbits of 2. From 
this definition the concept of structural stability inG’ is naturally obtained. 
2.2. DEFINITION. We say that p E M is an M-singular (resp. M-regular) 
point of XE 37 if Xf(p) = 0 (resp. Xf( p) # 0). We denote by S, the 
singular set of X. 
2.3. DEFINITION. We say that p E M is a fold (resp. cusp) point of X if 
xf(p) =O and X*f(p) fO (rev. W(P) = X*f(p) = 0 and (4(p), W’f)(~h 
d( X*f)( p) } are linearly independent ). 
The cusp points are isolated points located at the extremes of the curves 
of fold points. In fact by projecting M along the orbits of X onto a surface 
N transverse to the orbit through a stable singularity, we get a singularity 
of fold or cuspidal type in the sense of Whitney (see [8]). 
2.4. DEFINITION. We say that PE M is a generic singularity of Z = 
(A’, Y) E G’ if: 
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either (i) p belongs to the sliding region of 2 and it is a hyperbolic 
critical point of F(X, Y); 
or (ii) p is a fold or a cusp point of X and Y. If p is an M-singular 
point of both vector fields X and Y then we have to impose the following 
extra conditions: (a) p is a fold point of X and Y and (b) SX is transverse 
to S, at p. 
Let G, be the set of all vector fields in G’ having p as a generic 
singularity. 
Call S(Z) the set of all generic singularities of Z. 
We must say more about the last situation. Itis easy to check that the 
curves SX, S, determine four quadrants: Q, (SLR), Q, (SCR), Q) (SWR+ 
with the orbit of Z pointing M + ), and Q4 (SWR - with the orbit of Z 
pointing M ). Furthermore it is proved in this case that the SL-vector 
field can be C ‘-extended to a full neighborhood of p in M and that p is a 
critical point of this vector field. We must add the following extra assump- 
tion to this situation: 
(iii) The point p is a hyperbolic ritical point of F(X, Y) and its 
respective eigenspaces are transverse to S, and S, at p. 
We still remark that if p E S,, p 4 Sy, and p is a fold point (resp. cusp 
point) then F(X, Y) is transverse to SX at p (resp. F(X, Y) has a quadratic 
contact with S, at p). 
2.5. Remark. Let q E S, u Sr. For the sake of simplicity we adopt that 
(i) if qE d(SLR) then the orbit of Z at q follows the orbit of F(X, Y); (ii) if 
q$ d(SLR) and qE S, then the orbit of Z at q follows the orbit of Y; (iii) f
q $ a(SLR) and q E S, then the orbit of Z at q follows the orbit of A’. 
3. MAIN RESULTS 
The following result is an immediate consequence of [8], 
3.1. PROPOSITION. If ZE G’ is structurally stable at p then p is either a 
regular point or a generic singularity of Z. 
For technical reasons we define the notion of U-singularity of ZE G’ 
only in Section 5. It is convenient o observe that the set UP of all vector 
fields ZE G’ having p as a U-singularity is open in G’. Moreover 
G,, n UP # 0 (see for instance the definition of a U-singularity in Sec- 
tion 5). 
THEOREM 1. Z E G’ is structurally stable at p E M if and only if either 
(i) p is a regular point of Z or (ii) ZEG,, and Z$ CT,. 
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3.2. Remurk. Next, we outline some properties of a U-singularity. 
These properties will be useful in the statement of other results. 
(i) If p E M is a U-singularity of2 = (X, Y) then p is a fold point of 
both fields, X and Y. Moreover S,n, Sy= {p}. 
(ii) As was said in Section 2, S, and Sy determine four quadrants 
Q,(SLR), Q,(SWR), Q3(ESR), and QJSWR) (see Fig. 3.1). 
(iii) In this case we may define around p a first return mapping 
‘pz: (M, p) -+ (M, p) associated with Z which belongs to the same class of 
differentiability as X and Y. Observe that the orbits of Z are spirals around 
S, and S,. We check in Section 5 that we may separate UP into two dis- 
tinct connected components, U, = H,, u L, with Z E HP if p is a hyperbolic 
fixed point of cpz and L, = UP/HP. It is convenient o observe that L, has 
nonempty interior. We add that ‘pz is not hyperbolic if and only if the 
associated eigenvalues have nonzero imaginary parts or coincide with f 1. 
(See the construction f the mapping (pz in Section 5). 
(iv) Let F=F(X, Y) be (the Cl-extension) of the sliding vector field 
associated with Z= (X, Y) and p E M. The following proposition is 
immediate: 
3.3. PROPOSITION. If qz or F(X, Y) is nor hyperbolic at p then Z is not 
structurally stable at p. 
A complete answer, in this case, to the structural stability inG’ is then 
carried out to study the simultaneous behavior of F(X, Y) (restricted to 
SLR) and cpz. We recall that the sector SLR, as well as its boundary, is a 
distinguished set for the stability ofZ. 
3.4. DEFINITION. We say that p E M is an S-singularity of Z if (i) Z E L, 
(moreover the rotation umber associated to qpz is irrational); (ii) the 
FIG. 3.1. The U singularity. 
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eigenvalues of dF, are real, negative, and distinct (moreover the associated 
eigenspaces are transverse to S, and S u); and (iii) the eigenspace 
associated with the eigenvalue of small absolute value does meet the SLR 
and the other eigenspace does not meet the SLR. 
We have the following result: 
THEOREM 2. Z = (X, Y) E G’ is asymptotically stable at p provided that 
one of the following conditions is satisfied: 
(i) p E SLR and F( X, Y) is asymptotically stable at p, or 
(ii) p is an S-singularity of Z. 
4. STRATIFICATION 0F A4 
Let p E A4 be a generic singularity ofZ = (X, Y) E G’. 
Our goal in this section is to list some submanifolds of M which are dis- 
tinghished ue to their persistence for small perturbations ofZ. Moreover 
any equivalence between Z and 2 must necessarily preserve the correspon- 
dent such submanifolds. They also stratify M following the Whitney’s 
conditions. 
We separate the cases: 
(i) pE Int(SLR). In this case we distinguish {p} and the saddle 
separatrices ofF(X, Y). 
(ii) p is a singularity ofZ of tangential type and the connected com- 
ponent C(p) of S(Z) is a regular curve (i.e., C(p) is either SX or S,). In 
this case we list only C(p). 
(iii) {p} = S,n S,. In this case we list {p}, S,- {p}, and 
S,- {p}. We add to this list he saddle separatrices of F= F(X, Y) if they 
are contained in SLR. If the eigenvalues of dF, are real and have the same 
signal then we must distinguish t e strong invariant manifold of dF,, if it is 
contained in SLR. 
4.1. Remark. In [9, Sect. 43 it is shown that the above sets are 
invariant for equivalence between the vector fields in G’. 
5. THE FIRST RETURN MAPPING 
First of all, let XE P, p E M with X(p) # 0, and f: (IX’, M) --* (Iw, 0) be 
any C” local implicit representation fM at p. Assume that Xf(p) = 0. 
Choose coordinates x = (x,, x2, x3) around p in [w3 such that X= a/dx,. 
Let x,=g(x,,x,) be a C” solution off(x,,x2,x3)=0 with g(O,O)=O. 
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Fix N = {x, =0} as the section transverse to X at p. One sees that the 
projection GX: (M, p) + (N, p) of M, along the orbits of A’, onto M is 
given by 
Moreover, we ha~;i,‘e;x2? g(x,, x2)) = (0, x2, R(“,. x2)). 
Xf(x) = 2 (x), 
1 
xyc,,=$$. 
and 
X?f(X) = g$ (x). 
,’ 
When p is a fold singularity ofG, then there exists a C’-diffeomorphism 
cpX: (M, p) -+ (M, p), called the symmetric associated with GX. The map- 
ping (pX satisfies cpX(p) = p, G,c ‘pX = G,, cpi = Id. We observe that cpX is 
C” conjugate to cpO(x,, x2) = (x,, -x2) and SX = Fix 40~. Moreover if 
q $ S, then (px(q) is the point where the trajectory ofA’ possing through 
q meets M. 
Let Z= (A’, Y)E G’ and assume now that (i) p is a fold point of both 
fields A’ and Y; (ii) S,fi, S ,,; and (iii)X’f(p)<O and Y’f(p)>O. (See 
Fig. 5.1.) We say in this case that p is a focus of Z = (X, Y). 
If we just look at the foliation generated by the orbits of Z then it is easy 
to recognise that the diffeomorphism cp = cpX 1) cp ,, works as a first return 
mapping of Z at p, with q(p) = p. 
Given qX and rp, as above we may choose coordinates (x, y) around p 
in M such that qX(x, v) = (x, - JJ). Then for some a, h, CE R, we have 
v;(o)= ‘f h ( > -a 
with a’+&= 1. 
The following result is proved in [lo]. 
FIG. 5.1. The first return mapping 
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5.1. LEMMA. p is a hyperbolic fixed point of cp = cpxo rp y if and only if 
a’> 1. 
We remark that the eigenvalues of q’(p) are ,I. = a f (a* - l)‘!*. In this 
way we see that if a2 > 1 then p is a saddle point of cp and if a* < 1 then 
the eigenvalues of q’(O) have nonzero imaginary parts. This proves the 
assertions contained in 3.2(iii). 
Now, the following proposition becomes immediate. 
5.2. PROPOSITION. There is an open set 8 in G’ such that any ZE L” is 
structurally unstable. 
Now we deline a U-singularity. 
5.3. DEFINITION. We say that p E M is a U-singularity ofZ = (X, Y) if 
(a) p is a generic singularity ofZ; (b) p is a M-singular point of both 
vector fields X and Y; (c) p is a focus of Z = (X, Y). 
If p is a hyperbolic fixed point of cp = cpx 3 cp ,, we may refer to it as a 
hyperbolic U-singularity ofZ = (X, Y). 
6. SLIDING VECTOR FIELDS 
Let Z = (X, Y). Let (x, y, z) be a system of coordinates around p c M 
such that the function f: R3, A4 -+ R, 0 which represents M is given by 
f(x, y, z) = z. In these coordinates the SL-vector field F= F(X, Y) has the 
expression 
F=(F’,F*)=(Y’-X3)-‘(X1Y3-X3Y’,X2Y3-X3Y2) 
with 
x= (Xl, x2, X3) and Y=(Y’, Y2, Y3). 
6.1. Remark. We observe that (i) if qESLR then Y3(q)>0 and 
X3(q) < 0 and (ii) it seems clear that F is of class C’ and can be 
Cl-extended beyond the boundary of SLR. 
6.2. Remark. If p E Int SLR is a critical point of F(X, Y) then it is easy 
to find conditions on Z= (X, Y) such that the SL-vector field tends 
asymptotically top. 
We have the following lemmas: 
6.3. LEMMA. Assume that pea(SLR) is a fold point of X and an 
M-regular point of Y. Then F(X, Y) is transverse to S, at p. 
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Proof: In the above coordinates we have 
J?Tf =X3, xy= x1x; +x*x;, 
and 
FX’=F’X;+F*X;. 
Observe now that F’(p)= X’(p) and F’(p)= X2(p). This finishes the 
proof. 1 
In a similar way we prove that 
6.4. LEMMA. Assume that p E k?(SLR) is a cusp point of X and an 
M-regular point of Y. Then F(X, Y) has a quadratic contact with Sx at p. 
6.5. Remark. Assume PE J(SLR) is a generic singularity and is an 
M-singular point of both fields X and Y. In this case Xf = X3, Yf = Y’, 
and of course the orbits of F(X, Y) in a neighborhood of p coincide with 
the orbits ofthe fields G(X, Y)=(X’Y’-X3Yr,X2Y3-X’Y’). Sop is a 
critical point of this vector field. 
6.6. Remark. In what follows we exhibit explicitly the linear part of 
G(X, Y) in these coordinates. As p is a generic singularity we may assume 
without loss of generality hat 
xs(x, .v, z) = x and ynx, Y, z)= Y. 
We then have X3(x, J+, z) =x and Y3(x, ~7, z) = y. So the region SLR is 
given by x < 0 and y > 0. We have 
F(x, y,z)=(yX’-xY’, yX2-xY2), 
X’(x,y,z)=a,+A,(x,y,z), 
X*(x, y, z) = a, + A,(x, y, z), 
Y’(x,y,z)=b,+E,(x,y,z), 
Y2(& .vv z) = h, + B*(x, .v, zh 
with ai, hi being constants and A,(O, 0,O) = 0, B,(O, 0,O) = 0, i = 1, 2. So 
G(~~,y)=(a,y-~,.~,a,y-~,x)+H(x,y) 
with H(0, 0) = (0,O) and H = 0( Ix, ~1’). 
6.7. Remark. It is convenient at this moment to give in the above coor- 
dinates the expression of the first return mapping CJI = (pxo rp y associated 
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with 2 = (A’, Y). The solutions of A’ and Y passing through q = (x, y, 0) are 
respectively 
I u=x+a,t+u, 
(6.7.i) 
v=y+a,f +u, 
t2 
w=xt+a,-+ww, 
2 
and 
i 
u=x+h,f+u, 
(6.7.ii) 
i 
u=y+B,t+v, 
t2 
w=yt+B,-+w, 
2 
with ui, u,, wi, i= 1, 2, 3, being higher order terms. One deduces directly 
that 
9(x, Yk( -x-2( -~,~+,).~x+y)+K(x, y)
with K(x, y) = 0( Ix, ~1’). 
It is easy to conclude that al < 0 and b2 > 0 provided that p is a 
U-singularity. 
7. PROOF OF THEOREM 1 
In this section we show the nonstructural stability ofa U-singularity and 
give the proof of Theorem 1. 
The following result will be used in the sequel and its proof is a variation 
of Theorem 2 of [7, p. 3411. 
7.1. LEMMA. Let cp, tj : ( R2, 0) + ( R2, 0) be diffeomorphisms such that 
their eigenvalues are respectively a, b and (5,6 with 161~ 1 < la1 and 
161 < 1 < iii\. Let L be a C’-curoe passing through 0 and transverse to the 
eigenspaces of 9 and 5, at 0. If there is a Co L-preserving conjugacy between 
9 and 4 then 
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Proof: We show that log (a/,/log Ihl is an invariant for the C” 
L-preserving conjugacy. In this way we may, of course, assume cp in its nor- 
mal form cp(x, Jo) = (ux, by). We consider the case 0 <h < 1 cu. The other 
cases are treated in a similar way. As usual we denote by W”, W” the 
unstable and stable manifolds of cp, respectively. We may take L as being 
the graph of a C-mapping f: (W, 0) + (R, 0). Fix r0 = (x,, 0) and 
& = (0, vO) with x0, )a0 very small and positive. Let 7, = (x,, j’(x,)) be a 
sequence in L converging to 0. Choose sequences (m,)-+ co, (n,) -+ co, 
(a,) -+ a(), and (/I,) -+/I, such that cp”“(y,) = r, and @‘(pi) =)I,. Call 
d,= dist(a,, W’) and di=dist(/?,, W”). So we have 
d, = am4x,, hi, K, = b -y‘(x,), and d, = Ku”“b”‘Gi, 
where K is constant depending on f. Observe that K, + K # 0, provided 
that L, W”, and W’ are in general position. So log di=m, log a + 
ni log b + log KiJi and we conclude that 
lim 5= _- log a 
i-z m, log b’ 
This finishes the proof. i 
7.2. ~OPOSITION. Ifp is a U-singularity of Z E G’ then Z is structurally 
unstable in G’. 
Proof Under the hypothesis of the proposition there are two 
possibilities forZ = (X, Y): (i) p is not a hyperbolic ritical point of 
cp = (pX c cp r and (ii) p is a hyperbolic ritical point of cp = ‘pX” cp y (i.e., a 
saddle point). The first possibility isobviously nonstable. Otherwise if 
2= (f, P) is a small perturbation of Z and equivalent o Z then this 
equivalence must be a conjugacy between cp = rp,~ cp ,, and @ = ~25 cp I. 
Moreover the sectors in (rW2, 0) determined by the SLR of the fields, aswell 
as their boundaries, must be preserved. But the boundaries are constituted 
by regular curves which generically are transverse to the respective 
eigenspaces of the diffeomorphisms. So the above lemma implies 
immediately that Z is structurally unstable at p. This finishes the proof. 1 
7.3. Proof of Theorem 1. Let p E M be a generic singularity of 
Z= (X, Y) E G’ and 2= (2, 8) be a small perturbation of Z in G’. In this 
case the construction of a topological equivalence between the fields is 
straightforward. If p is not a U-singularity we proceed as follows to obtain 
an equivalence between Z and 2. We define the equivalence h in M and 
then we extend to a full neighborhood of p in a natural way. We must first 
define h on the distinghed sets as given in Section 4. If p belongs to the 
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boundary of SLR we must begin by constructing a topological equivalence 
between the respective SL-vector fields on the regions SLR. 
The proof follows immediately from Proposition 5.2 and Proposi- 
tion 7.2. 1 
8. ASYMPTOTIC STABILITY 
Let p E M be an S-singularity of Z = (A’, Y) E G’. 
The proofs of the following lemmas are trivial. 
8.1. LEMMA. Assume p E d(SLR). If Z = (A’, Y) is asymptotically stable 
at p then the SL-vector field F( X, Y) is asymptotically stable at p in SLR. 
Call i1, A2 the eigenvalues of the extended SL-vector fields and T,, Tz 
their corresponding eigenspaces. 
8.2. LEMMA. Assume p E 3(SLR). The SL-vector field F(X, Y) is 
asymptotically stable (at p) in SLR If and only lf (i) %, , i, are real, negative, 
and distinct (say i, < lz < 0); (ii) T, n SLR # 0 and T, n SLR = 0. (See 
Fig. 8.1.) 
8.3. Remark. We recall that F(X, Y) is transverse to S, and Sy off p. 
The next lemmas are immediate. 
8.4. LEMMA. Let p E SLR be a generic singularity of Z = (X, Y). Then Z 
is asymptotically stable at p if and only of F(X, Y) is asymptotically stable 
at p. 
8.5. LEMMA. Let PE d(SLR) be a generic singularity of Z= (X, Y). If Z 
is asymptotically stable at p then p is a nonhyperbolic U-singularity of 
Z=(X, Y). 
ESR SWR 
l!liii 
% 
SWR 
SL .R 
FIG. 8.1. The SL-vector field. 
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8.6. Proqfof Theorem 2. Lemma 8.4 implies the first part of the proof. 
We now proceed with the proof of part (ii). 
Let YE M. It is clear that if ~EV?/(SLR) then the trajectory ofZ passing 
through y coincides with the trajectory of F and so it converges to p. If 
q 4 V;‘/(SLR) then the (positive) trajectory ofZ is governed by either 43 = 
vx*vy or cp ’ =cpV~)cpX. Since by hypothesis the rotation angle of these 
diffeomorphisms is irrational there will be a positive integer k such that 
p&(q) (or q-&(q)) falls down in SLR and so the trajectory of Z will 
converge to p. 
Now the conclusion of the proof is obvious. 1 
8.7. Remark. Observe that any other convention adopted as in 
Remark 1.1 or Remark 2.5 would not modify any result of the paper. 
8.8. Remark. We would get the asymptotic stability ofZ = (X, Y) (as in 
Theorem 2) at p under the following hypothesis: the rotation angle of cp = 
(P,~c cp y is rational plus some extra conditions. We add that in the coor- 
dinates given in Section 6 these extra conditions are that the rotation angle 
must be in the interval ( -n/2, n/2). The proof follows imilarly. 
8.9. Remark. Next we show the existence of an S-singularity. Thus: 
In the coordinate system given in Section 6, the linear parts of the 
SL-vector fields and of the diffeomorphism q = ‘pX o cp ,, are respectively 
(8.9.a) A =( 1:: zl) 
and 
(8.9.b) B= 
So the eigenvalues of A and B are respectively 
and 
i:p&((~)‘- I)“‘. 
From the hypotheses and Lemma 8.2 we look for those a,, b,, a,, b2 such 
that 
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(i) (u*b,/a,b* - l)* < 1. 
(ii) (b, -a,)cO. 
(iii) lb, --a,1 >((az+b,)*-4u,b,)“*. 
We already know that a, h, ~0. From (i), (ii), and (iii) we have respec- 
tively 
(i’) 2u,b,<u,b, CO. 
(ii’) b, <a,. 
(iii’) u,b, > u,b,. 
Finally we must choose a,, h,,u,,b,suchthatb,<u,and2u,b,<u,b,~ 
u,b,<O. 
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